Examples of finitely determined map-germs of corank 2 from $n$-space to
  $(n+1)$-space by Altintas, Ayse
ar
X
iv
:1
20
2.
49
92
v3
  [
ma
th.
AG
]  
27
 M
ar 
20
14
EXAMPLES OF FINITELY DETERMINED MAP-GERMS OF
CORANK 2 FROM n-SPACE TO (n+ 1)-SPACE
AYS¸E ALTINTAS¸ SHARLAND
Abstract. We produce new examples supporting the Mond conjecture which
can be stated as follows. The number of parameters needed for a miniversal
unfolding of a finitely determined map-germ from n-space to (n + 1)-space is
less than (or equal to if the map-germ is weighted homogeneous) the rank of
the nth homology group of the image of a stable perturbation of the map-germ.
We give examples of finitely determined map-germs of corank 2 from 3-space to
4-space satisfying the conjecture. We introduce a new type of augmentations to
generate series of finitely determined map-germs in dimensions (n, n + 1) from
a given one in dimensions (n− 1, n). We present more examples in dimensions
(4, 5) and (5, 6) based on our examples, and verify the conjecture for them.
1. Introduction
One of the intriguing problems in Singularity Theory is to relate algebraic prop-
erties of holomorphic map-germs with topological properties of the images of their
stable perturbations. The image of a stabilisation of a finitely A-determined map-
germ from (Cn, 0) to (Cn+1, 0) has the homotopy type of a wedge of n-spheres if
(n, n + 1) is in the range of Mather’s nice dimensions, i.e. n < 15, ([23]) – the
existence of stabilisations is not guaranteed outside the nice dimensions; however,
a similar statement can be proved for topological stabilisations which exist even for
n ≥ 15 ([7, Section 4], [10]). The number of spheres in the wedge is an A-invariant
of the map-germ which is called the image Milnor number and denoted by µI .
Pellikaan and de Jong (unpublished) then de Jong and van Straten ([8]) and later
Mond ([23]) proved the following result resembling the relation between Milnor
and Tjurina numbers for isolated complete intersection singularities ([12], [16], see
also [19] for the hypersurface case). For any finitely A-determined map-germ f
from a surface to 3-space,
Ae-codim(f) ≤ µI(f)
and with equality if f is weighted homogeneous where Ae-codim(f) is the dimen-
sion of the base of a mini-Ae-versal unfolding of f . A similar result for map-germs
from (C, 0) to (C2, 0) was also proved by Mond ([24]). Motivated by these results,
Mond suggested the following generalisation.
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Conjecture 1.1 ([23], Mond Conjecture). Let f : (Cn, 0) → (Cn+1, 0) be a
finitely A-determined map-germ. Then
Ae-codim(f) ≤ µI(f) (1)
and with equality if f is weighted homogeneous and n < 15.
We claim that Conjecture 1.1 would follow from the following statement.
Conjecture 1.2. Let F be a stable d-parameter unfolding of a finitely A-determined
map-germ f : (Cn, 0) → (Cn+1, 0) with n < 15, and H be the defining equation of
the image of F . Assume that G : (Cn+1 × C, 0) → (Cn+1 × Cd, 0) is a map-germ
transverse to F and induces a stabilisation of f . Then NKH,e/CG is a Cohen-
Macaulay module of dimension 1.
A stabilisation of a map-germ f : (Cn, 0) → (Cp, 0) is a deformation ft which
has a representative, also denoted by ft, defined on a neighbourhood U of 0 such
that for sufficiently small and nonzero t, ft|U : U → C
p is stable. The module
NKH,e/CG is the relative normal space of G with respect to KH -equivalence, a
relation induced by an action of diffeomorphisms preserving the level sets of H .
See Section 2 for more details.
Our claim is motivated by Damon and Mond’s work [7] in which they proved a
version of Conjecture 1.2 to obtain a phenomenon similar to (1):
Let F be a stable d-parameter unfolding of a finitely A-determined
map-germ f : (Cn, 0) → (Cp, 0) where (n, p) are nice dimensions
and n ≥ p, and H be the defining equation of the image of F .
Assume that G : (Cp ×C, 0)→ (Cp ×Cd, 0) is a map-germ trans-
verse to F and induces a stabilisation of f . Then NKH,e/CG is a
Cohen-Macaulay module of dimension 1.
(2)
For a finitely A-determined map-germ in these dimensions, the discriminant of a
stabilisation intersected with a Milnor ball Bǫ about the origin has the homotopy
type of a wedge of (p−1)-dimensional spheres ([7, Theorem 4.6]). The number µ∆
of spheres in the wedge is called the discriminant Milnor number. As a consequence
of (2),
Ae-codim(f) ≤ µ∆(f) (3)
and with equality if f is weighted homogeneous.
Here we run through the main steps of the proof of the inequality (3) to clarify
the equivalence of the two conjectures above. The proof is mostly based on the
relations between A, KV and KH-equivalences where KV and KH are subgroups of
the contact group K and measure the K-equivalence of the germs by an equivalence
which preserves V and all level sets of H , respectively.
Consider f : (Cn, 0) → (Cp, 0) as a pullback of a stable d-parameter unfolding
F by an immersion g : (Cp, 0) → (Cp × Cd, 0) transverse to F . Assume that
the discriminant V of F is defined by some H ∈ OCp+d,0. For any 1-parameter
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deformation G(y, t) = gt(y) of g that is transverse to F and induces a stabilisation
of f , NKH,e/CG is a Cohen-Macaulay module of dimension 1 ([7, Proposition 5.2]).
The proof of this result essentially depends on the fact that V is a free divisor
(which is no longer true if p = n + 1). Consequently, KH-equivalence has a free
deformation theory ; that is,
dimCNKH,eg =
∑
(y,t)∈Supp(NKH,e/CG)
dimC (NKH,egt)y
for sufficiently small t ∈ C such that 0, the isolated KH-instability point of g, splits
into finitely many KH-instability points y1, . . . , yr of gt ([7, Corollary 5.5]).
Let ht = H ◦ gt so that ht is a deformation of the image of f and let Jht be the
Jacobian ideal of ht. If gt(y) /∈ V
evH : (NKH,egt)y → OCp,y/Jht
p+d∑
i=1
αi
∂
∂Yi
7→
p+d∑
i=1
αi
∂H
∂Yi
◦ gt mod Jht
is an isomorphism ([7, Lemma 5.6]). Let µ(ht;y) := dimCOCp,y/Jht . So,
dimCNKH,eg =
∑
gt(y)∈V
dimC (NKH,egt)y +
∑
gt(y)/∈V
µ(ht;y). (4)
Let B be a neighbourhood of 0 ∈ Cp × Cd and t sufficiently small so that
Supp(NKH,e/CG) ∩ (C
p × {t}) ⊆ g−1t (B). In that case, ht is topologically trivial
over the Milnor sphere Sǫ. Then, Vt := h
−1
t (0) is homotopy equivalent to a wedge
of (p− 1)-dimensional spheres by a theorem of Leˆ ([15]). Moreover, µ∆ is equal to
the sum of the Milnor numbers of the fibres different than Vt ([26, Theorem 2.3]).
In other words,
∑
gt(y)/∈V
µ(ht;y) = µ∆.
Suppose that as above, gt induces a stabilisation of f . We have Ae-codim(f) =
KV,e-codim(g) ([6], see also [25, Theorem 8.1]); moreover, if H is the defining
equation of V , KH,e-codim(g) ≥ KV,e-codim(g) (both finite at the same time) and
with equality if F , g are weighted homogeneous for the same positive weights ([7,
Section 3]). In the nice dimensions, every stable map is equivalent to a weighted
homogeneous one. So, (NKH,egt)y = (NAeft)y = 0 as ft is stable. Hence, by (4)
dimCNKH,eg = µ∆(f). Therefore, (3) follows from the fact that Ae-codim(f) =
KV,e-codim(g) ≤ KH,e-codim(g).
In the case that p = n + 1, the discriminant coincides with the image. All the
statements above can be adopted to this case except for the fact that NKH,e/CG
is Cohen-Macaulay module of dimension 1 since the image of a stable unfolding
is no longer a free divisor. However, there is no evidence that NKH,e/CG cannot
have that property whence our claim.
A classification of finitely A-determined map-germs can be pursued as an alter-
native way to attack Conjecture 1.1. However, as the dimension and the corank
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gets higher, classifying such map-germs or even finding examples becomes a diffi-
cult task.
In this paper we focus on finding new examples of finitely A-determined map-
germs of corank ≥ 2 in order to test Conjecture 1.1. It is not our aim to obtain a
full classification. In [14], Houston and Kirk gave a classification of map-germs of
corank 1 from (C3, 0) to (C4, 0) with the strata of Ae-codimension ≤ 4, and showed
that all the examples in their list satisfy the conjecture. We start with the next
interesting case: finitely A-determined map-germs of corank 2 in the dimensions
(3, 4). In Section 3, we give a list of examples which were found by experiment,
namely by building finite weighted homogeneous map-germs lying over the classes
of 2-jets calculated in [1, Appendix C].
In Section 4, we study finite A-determinacy of 1-parameter unfoldings defined by
a base change operation on stable unfoldings which we will call augmentations. In
[3], Cooper defined the augmentation of a finite map-germ f : (Cn, 0)→ (Cp, 0) of
Ae-codimension 1 to be AF : (x, λ) 7→ (F˜ (λ
2,x), λ) where F (x, u) := (F˜ (x, u), u)
is an Ae-versal unfolding of f and u ∈ C (n < p). In [13], Houston considered aug-
mentations given by AF,h(f) : (x, z) 7→ (F˜ (x, h(z)), z) where h : (C
d, 0)→ (C, 0) is
a germ of a holomorphic function and F : (Cn×C, 0)→ (Cp×C, 0) need not be Ae-
versal. In this paper, we introduce a different type of augmentations. We let F be a
d-parameter unfolding of f with F (x,u) = (F˜ (x,u),u) and γ : w 7→ γ(w) ∈ (Cd, 0)
a germ of a curve. Then we define the augmentation of f by F and γ to be the map-
germ AF,γ(f) : (x, w) 7→ (F˜ (x, γ(w)), w). Our definition coincides with Houston’s
for d = 1 and Cooper’s for γ(w) = w2.
Suppose that f : (Cn, 0) → (Cn+1, 0) is finitely A-determined, F is a stable
d-parameter unfolding with the image hypersurface V . We prove that an augmen-
tation (in our sense) is finitely A-determined if γ intersects the KV -discriminant
of the identity map G on (Cp × Cd, 0), which is the projection of the support
of NKH,e/CdG in the parameter space, only at the origin. We present series of
finitely A-determined map-germs of corank 2 supporting the conjecture in dimen-
sions (4, 5) and (5, 6). We show that all the map-germs but two in Houston and
Kirk’s list are augmentations of finitely A-determined map-germs in Mond’s clas-
sification in [20].
We use Singular ([9]) for our calculations on a computer with a 2.4 GHz Intel
Core 2 Duo processor and 4 GB memory. The same calculations can be done using
other computer algebra programs such as Macaulay2 ([11]).
2. Terminology and Notations
Our terminology is standard, but the details can be found in [27] or [17]. We
denote the space of holomorphic map-germs f : (Cn, 0) → (Cp, 0) by E0n,p. The
group A := Diff(Cn, 0)×Diff(Cp, 0) of local diffeomorphisms acts on E0n,p by (φ, ψ) ·
f 7→ ψ ◦ f ◦ φ−1 for all (φ, ψ) ∈ A. We say that f, g ∈ E0n,p are A-equivalent if
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g ∈ A · f . A map-germ f ∈ E0n,p is ℓ-A-determined if every map-germ g ∈ E
0
n,p
with the same ℓ-jet (at 0) as f is A-equivalent to f . Furthermore, f is finitely
A-determined (or A-finite) if it is ℓ-A-determined for some ℓ < ∞. A map-
germ is A-stable if any of its unfoldings is A-equivalent to the trivial unfolding
f × 1. By fundamental results of Mather, finite determinacy is equivalent to the
finite dimensionality of NAef := f
∗(ΘCp,0)/tf(ΘCn,0) + f
−1(ΘCp,0), and thus (if
f is not stable) to 0 ∈ Cp being an isolated point of instability of f . We set
Ae-codim(f) := dimCNAef .
Following [5], for g ∈ E0s,p, (V, 0) ⊆ (C
p, 0) and H ∈ OCp,0, the normal spaces
with respect to KV and KH-equivalences are given respectively by
NKV,eg := g
∗(ΘCp,0)/tg(ΘCs,0) + g
∗Der(-log V )
and
NKH,eg := g
∗(ΘCp,0)/tg(ΘCs,0) + g
∗Der(-log H)
where Der(-log V ) (resp. Der(-log H)) is the module of logarithmic vector fields
tangent to V (resp. to the level sets of H). To be more precise,
Der(-log V ) := {ξ ∈ ΘCp,0 | ξ(I(V )) ⊆ I(V )}
and
Der(-log H) := {ξ ∈ ΘCp,0 | ξ(H) = 0}
in which I(V ) is the ideal of germs vanishing on V . Finite KV (resp. KH) deter-
minacy of g is equivalent to the finite dimensionality of NKV,eg (resp. NKH,eg).
By [5, Proposition 2.2], g is finitely KV -determined if and only if g is algebraically
transverse to V in a punctured neighbourhood of 0 ∈ Cs, that is,
dxg(TxC
s) + Der(-log V )(g(x)) = Tg(x)C
p
for all x ∈ U − {0} where U is a neighbourhood of 0 ∈ Cs and Der(-log V )(g(x))
is the vector space spanned by the generators of Der(-log V ) evaluated at g(x).
For a d-parameter deformation G : (Cs×Cd, 0)→ (Cp, 0) of g ∈ E0s,p, the relative
normal spaces with respect to KV and KH-equivalences are defined respectively by
NKV,e/CdG := G
∗(ΘCp,0)/tG(θCs×Cd/Cd) +G
∗Der(-log V )
and
NKH,e/CdG := G
∗(ΘCp,0)/tG(θCs×Cd/Cd) +G
∗Der(-log H).
The KV -discriminant of G is defined to be DV (G) := ρ
(
Supp(NKV,e/CdG)
)
where
ρ : (Cs × Cd, 0)→ (Cd, 0) is the standard projection.
Note that here V and H are not necessarily related. However, for our purposes,
we will take V to be a hypersurface defined by the function germ H . Assume that
f ∈ E0n,p is finite and equals the pullback of a stable unfolding F ∈ E
0
n+d,p+d by an
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immersion g ∈ E0p,p+d transverse to F . Let V be the image of F and H its defining
equation. Then
NAef ∼= NKV,eg (5)
([6], see also [25, Theorem 8.1]). When F and g are weighted homogeneous of the
same weights, NKV,eg = NKH,eg ([7, Lemma 3.4]).
For a f ∈ E0n,p with n < p, the corank is the C-vector space dimension of the
kernel of df(0). Let Q(f) := OCn,0/f
∗
mCp,0 be the local algebra and q(f) :=
dimCQ(f) the multiplicity of f .
3. Examples and non-examples of finitely determined map-germs
from C3 to C4
The map-germs listed in Table 1 are of corank 2, weighted homogenous and
finitely A-determined. The ones labeled as Aˆ• are a part of the series
Aˆk : (x, y, z) 7→ (x, y
k + xz + x2k−2y, yz, z2 + y2k−1) (6)
which lie over the 2-jet (x, y2 + xz, yz, z2) for k = 2 and (x, xz, yz, z2) for k ≥ 3.
The map-germs Bˆ• are a part of the series
Bˆ2ℓ+1 : (x, y, z) 7→ (x, y
2 + xz, z2 + αxy, y2ℓ+1 + y2ℓz + yz2ℓ − z2ℓ+1) (7)
where α = −1 for ℓ = 1, α = ±1 for ℓ = 2, 3, 4 and α = 1 otherwise. They lie over
the 2-jet (x, y2 + xz, z2 + αxy, 0).
Table 1. The first set of examples
Label Ae-codimension Weights Conjecture 1.1
Aˆ2 18 (1, 2, 3) True
Aˆ3 186 (1, 2, 5) True
Aˆ4 844 (1, 2, 7) True
Bˆ3 33 (1, 1, 1) True
Bˆ5 252 (1, 1, 1) True
Bˆ7 837 (1, 1, 1) True
Bˆ9 1968 (1, 1, 1) True
Bˆ11 3825 (1, 1, 1) True
Bˆ13 6588 (1, 1, 1) ?
Bˆ15 10437 (1, 1, 1) ?
We calculate Ae-codimensions on Singular using the identity (5), and observe
that they also satisfy Conjecture 1.2. The data are given for k = 2, 3, 4 and
ℓ = 1, . . . , 7 because we have been able to get results only for those values of k and
ℓ due to computer memory restrictions.
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Proposition 3.1. There are no finitely A-determined homogeneous map-germs of
corank 2 in E03,4 with degrees (1, 2, 2, 2d), d ≥ 1.
Proof. A finite homogeneous map-germ of corank 2 with degrees (1, 2, 2, 2d) is
A-equivalent to
h : (x, y, z) 7→
(
x, y2 + axz, z2 + bxy, P2d(x, y, z)
)
where a, b ∈ C and P2d(x, y, z) is a homogeneous polynomial of degree 2d. Assume
that d = 1. Then,
h ∼A h
′ : (x, y, z) 7→
(
x, y2 + axz, z2 + bxy, cxy + dxz + eyz
)
with c, d, e ∈ C. A calculation on Singular shows that the double point scheme
D2(h′) is not an isolated singularity whence h′ is not finitely A-determined (see,
for example, [1, Proposition 2.1.13]). Now, assume that d ≥ 2. We will show
that h forms a line of quadruple points in the image which will imply that it is
not A-finite. Let us consider two lines L+ : t 7→ (0, t, αt) and L− : t 7→ (0, t,−αt)
where α ∈ C− {0}. We have
h(0, t, αt) = (0, t2, α2t2, P2d(0, t, αt))
h(0, t,−αt) = (0, t2, α2t2, P2d(0, t,−αt)).
Write P2d(x, y, z) =
∑
l+m+n=2d almnx
lymzn where almn ∈ C, for all l, m, n. So,
P2d(0, t, αt)) = P2d(0, t,−αt)) ⇔
∑
m+n=2d
a0mnα
n =
∑
m+n=2d
a0mn(−α)
n
⇔
∑
m+2i−1=2d
i≥1
2a0mnα
2i−1 = 0. (8)
Let α1 be a solution of (8). Then
h(0, t, α1t) = h(0, t,−α1t) = h(0,−t,−α1t) = h(0,−t, α1t)
whence the result. 
Remark 3.2. Notice that Ae-codimensions of our examples are quite high. The
smallest codimension we have encountered so far is Ae-codim(Aˆ2) = 18 among the
map-germs of corank 2 in these dimensions. It would be very interesting to see
if there exist weighted homogeneous map-germs of lower Ae-codimension in the
corank 2 case aside from the stable map-germs. The minimal A2-codimension,
that is, the vector space dimension of the complement of tf(ΘC3,0) + f
−1(ΘC4,0) +
m
3
C3,0 · Θ(f) in m
2
C3,0 · Θ(f), among the 2-jets of corank 2 map-germs in E
0
3,4 is 6
(see [1, Appendix C]). This fact suggests that minimal Ae-codimension should be
bigger than 6.
Remark 3.3. Finitely A-determined map-germs of corank 3 are even harder to find.
One could start with producing stable corank 3 map-germs by unfolding a finite
map-germ of corank 3 in 3 variables as described by Mather in Lemma 5.9 and
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Theorem 5.10 of [18], then study nonlinear sections of singularities defined by those
stable map-germs to look for A-finite corank 3 map-germs in lower dimensions.
However, new map-germs obtained this way may not be weighted homogenous
even if the original map-germ is, as the weights of the unfolding parameters may
be higher than the degree of the map-germ.
4. A new type of augmentation
In this section, we introduce a new construction of 1-parameter unfoldings to
generate new examples of finitely A-determined map-germs from old.
Definition 4.1 (cf. XIII, 1.4, [17]). Let F ∈ E0n+d,p+d be a d-parameter unfolding
of a finite map-germ f ∈ E0n,p given by F (x,u) = (Fu(x),u) for u ∈ C
d, and
γ : (C, 0) → (Cd, 0) be a holomorphic map-germ. We define the augmentation
AF,γ(f) of f by F and γ to be the map-germ
AF,γ(f) : (C
n × C, 0) → (Cp × C, 0)
(x, w) 7→ (Fγ(w)(x), w).
In this setting, we will refer to f as the initial map-germ of AF,γ(f).
Notice that AF,γ(f) is a 1-parameter unfolding of f and its corank equals the
corank of f . Moreover, Q(f) ∼= Q(AF,γ(f)). We also have the pull-back diagrams
(Cn × Cd, 0)
F
// (Cp × Cd, 0)
(Cn × C, 0)
AF,γ(f)
//
OO
(Cp × C, 0)
gˆ : (Y,w)7→(Y,γ(w))
OO
(Cn, 0)
f
//
OO
(Cp, 0)
i : Y 7→(Y,0)
OO
(9)
with Y = (Y1, . . . , Yp) ∈ C
p and w ∈ C.
Now we will state a criterion for finite determinacy of augmentations if p = n+1.
Theorem 4.2. Let F ∈ E0n+d,n+d+1 be a parametrised stable unfolding of an A-
finite f ∈ E0n,n+1 and V the image of F . Let G be the identity on (C
n+1 × Cd, 0).
Assume that γ : (C, 0)→ (Cd, 0) is a non-constant map-germ parametrising a curve
which intersects DV (G) only at the origin. Then, AF,γ(f) is also A-finite.
Proof. Consider AF,γ(f) as a pull-back of F by gˆ as in (9). Then, gˆ is transverse to
F since g := gˆ ◦ i : Y 7→ (Y, 0) is. Consequently, NAeAF,γ(f) ∼= NKV,egˆ. Hence,
it suffices to show that the support of NKV,egˆ consists of the origin at most.
By definition, DV (G) is the set of points U ∈ C
d for which G(−,U) fails to be
algebraically transverse to V at (Y,U). We have G(Y, γ(w)) = gˆ(Y, γ(w)). So,
by the choice of γ, gˆ is algebraically transverse to V at (Y, w) for any w 6= 0.
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Since f is A-finite, g is algebraically transverse to V off the origin which implies
that Cn+1 × {0} is transverse to V at all points except (0, 0). Hence, the support
of NKV,egˆ intersects C
n+1 × {0} only at the origin. This concludes the proof. 
Remark 4.3. The converse of Theorem 4.2 does not always hold. For instance,
consider Aˆ2 (see Table 1) which is an augmentation of f : (y, z) 7→ (y
2, yz, z2 +
y3) by F (y, z,u) = (y2 + u1y + u2z, yz, z
2 + y3 + u3y + u4z, u) and γ(x) =
(x, x2, 0, 0). The image of γ intersects DV (G) only at 0. However, f is not finitely
A-determined. Still, this fact does not suggest that Aˆ2 cannot be equivalent to an
augmentation of an A-finite map-germ (see Remark 4.4). We leave this problem
for further study.
4.1. Examples of augmentations in dimensions (3, 4).
Remark 4.4. The map-germs listed in Table 1 are also augmentations of A-finite
map-germs. The series Aˆk given by (6) is A-equivalent to the map-germ
(x, y, z) 7→ (x, yk + xz + (x+ yz)2k−2y + yz2, yz, z2 + y2k−1). (10)
The initial map-germ of (10) is
hk : (y, z) 7→ (y
k + y2k−1z2k−2 + yz2, yz, z2 + y2k−1).
We see that the projection D21(hk) of the double point scheme D
2(hk) into C
2 is
an isolated singularity for k = 2, 3, 4. Hence hk is finitely A-determined (see [21]
for the criteria). On the other hand, the initial map-germ of Bˆ2ℓ+1, given by (7),
is
hˆ2ℓ+1 : (y, z) 7→ (y
2, z2, y2ℓ+1 + y2ℓz + yz2ℓ − z2ℓ+1).
Finite A-determinacy of hˆ1 was stated in [2]. For ℓ ≥ 1, it again follows from
the fact that D21 is an isolated singularity which can be checked by a calculation.
In fact, Ae-codim(hˆ2ℓ+1) = 10ℓ
2 + 2ℓ for all ℓ ≥ 1 by Mond’s formula for Ae-
codimension of weighted homogeneous map-germs in E02,3 ([22]).
Proposition 4.5. The map-germ
fℓ : (x, y, z) 7→ (x, y
2 + xℓz, z2 − xℓy, y3 + y2z + yz2 − z3) (11)
is finitely A-determined and satisfies Conjecture 1.1 for all ℓ ≥ 1.
Proof. We observe that fℓ is an augmentation of
hˆ1 : (y, z) 7→ (y
2, z2, y3 + y2z + yz2 − z3)
by
F (y, z,u) = (y2 + u1z, z
2 + u2y + u3z, y
3 + y2z + yz2 − z3 + u4y + u5z, u)
and γ : x 7→ (xℓ,−xℓ, 0, 0, 0). Let G be the identity on (C2×C5, 0). The following
calculation on Singular shows that the image of γ cuts DV (G) only at {0}.
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LIB "matrix.lib";
ring T=0,(Y,Z,W,U1,U2,U3,U4,U5),(wp(1,4,5,6,2,3,4));
ring S=0,(y,z,u1,u2,u3,u4,u5),(wp(1,2,3,2,3,4));
ideal p=0;
map F=T,y2+u1*z,z2+u2*y+u3*z,y3+y2z+yz2-z3+u4*y+u5*z,u1,u2,u3,u4,u5;
setring T;
ideal H=preimage(S,F,p);
ideal jh=jacob(H);
module derv=modulo(jh,H); \\ derv := Der(-log V )
def tkv=submat(derv,4..8,1..ncols(derv)); \\ tkv := tρ(Der(-log V ))
ideal sup=std(minor(tkv,5)); \\ annihilator of NKV,e/C5G
ideal ID=eliminate(sup,YZW); \\ ideal of DV (G)
ideal intersect=ID+(U1+U2,U3,U4,U5); \\ intersection of DV (G) and im(γ)
radical(intersect);
Hence, finite A-determinacy follows from Theorem 4.2. In order to show that fℓ
satisfies the conjecture, we consider the 1-parameter deformation
Gˆℓ : (Y, Z,W, x, t) 7→ (Y, Z,W, t+ x
ℓ,−t− xℓ, t, t2, 0)
of gˆℓ which induces fℓ from F . Notice that
NKV,e/CGˆℓ/(t)NKV,e/CGˆℓ ∼= NKV,egˆℓ.
As dimNKV,egˆℓ = 0, we have dimNKV,e/CGˆℓ ≤ 1. On the other hand, for ℓ ≥ 2,
NKV,e/CGˆℓ/(x)NKV,e/CGˆℓ ∼= NKV,e/CG
where G(Y, Z,W, t) := G(Y, Z,W, 0, t). By a calculation on Singular, we find
that NKV,e/CG has dimension 1. Consequently, dimNKV,e/CGˆℓ ≥ 1. Therefore,
we must have dimNKV,e/CGˆℓ = 1. Thus, t is a NKV,e/CGˆℓ-regular element and
Gˆℓ induces a stabilisation of fℓ for t 6= 0 and ℓ ≥ 2. The statement for ℓ = 1
can be checked by a direct calculation. Similarly, one can show that t is also a
NKH,e/CGˆℓ-regular element. Hence, NKH,e/CGˆℓ is a free module over OC,0. This
concludes the proof. 
4.2. Examples of augmentations in dimensions (4, 5).
Proposition 4.6. Each map-germ in the series
Cˆℓ : (C
4, 0) → (C5, 0)
(x, y, z, w) 7→ (x, y2 + xz + x2y, yz + wℓy, z2 + y3, w)
is A-finite with A-codimension 30ℓ− 18 and satisfies Conjecture 1.1 for all ℓ ≥ 1.
Proof. The map-germ Cˆℓ is an augmentation of Aˆ2 (see Table 1) by
FAˆ2(x, y, z,u) = (x, y
2 + xz + x2y + u1y, yz + u2y, z
2 + y3 + u3y, u)
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and γCˆ : w 7→ (0, w
ℓ, 0).
Let G be the identity on (C4 × C3, 0). Any curve γ : w 7→ (0, γ2(w), 0), where
γ2(w) is not constant, intersects DV (G) only at the origin. Hence, Cˆℓ is also finitely
A-determined by Theorem 4.2.
Now we will show that NKV,egˆℓ has dimension 30ℓ − 18 over C where gˆℓ :
(X, Y, Z,W,w) 7→ (X, Y, Z,W, 0, wℓ, 0) for all ℓ ≥ 1. Let U = (U1, U2, U3) de-
note the chosen coordinate system on the parameter space. Clearly, we can rep-
resent any ξ ∈ Θ(gˆℓ) as ξ = (ξ1, ξ2) where ξ1 is the Y-component and ξ2 the
U-component. So, let ρ : (Y,U) 7→ U be the standard projection and Θ(gˆℓ)/ρ :=
{ξ2 | ξ = (ξ1, ξ2) ∈ Θ(gˆℓ)} which is naturally isomorphic to (OC5,0)
3. We have
NKV,egˆℓ ∼=
Θ(gˆℓ)/ρ(∂γ
Cˆ
∂w
)
OC5,0 + gˆ
∗
ℓ tρ (Der(-log V ))
.
Let ∂
∂U1
, ∂
∂U2
, ∂
∂U3
denote the standard basis for Θ(gˆℓ)/ρ. We find that a Groebner
basis for M0 := gˆ
∗
1tρ (Der(-log V )) with respect to the reverse lexicographic order
with priority given to the coefficients is given by the following vector fields.
m1 := X
8 ∂
∂U1
, m2 := X
9 ∂
∂U2
, m3 := −
277
229
X7
∂
∂U1
−
25
458
X8
∂
∂U2
+X9
∂
∂U3
,
m4 :=
5
2
X2
∂
∂U1
−
1
4
X3
∂
∂U2
+
(
Y −
1
2
X4
) ∂
∂U3
,
m5 :=
(
X2Y +
74
39
X6
) ∂
∂U1
−
61
312
X7
∂
∂U2
−
59
156
X8
∂
∂U3
,
m6 :=
(
−
8
7
XY −
36
7
X5
) ∂
∂U1
+
(
X2Y −
4
7
X6
) ∂
∂U2
+
40
7
X7
∂
∂U3
,
m7 :=
(
Y 2 +
3439
32
X4Y
) ∂
∂U1
−
19473
256
X5Y
∂
∂U2
−
82731
128
X6Y
∂
∂U3
,
m8 :=
(147
2
X3Y −
12939
16
X7
) ∂
∂U1
+
(
Y 2 −
817
16
X4Y +
4331
32
X8
) ∂
∂U2
+
−
(3483
8
X5Y +
1173
16
X9
) ∂
∂U3
,
m9 :=
(
Z +
29
2
XY −
2549
16
X5
) ∂
∂U1
+
(
−
159
16
X2Y +
861
32
X6
) ∂
∂U2
+
+
(
−
693
8
X3Y −
243
16
X7
) ∂
∂U3
,
m10 :=
(
2Y +
29
4
X4
) ∂
∂U1
+
(
Z +
7
4
XY −
1
8
X5
) ∂
∂U2
−
(3
2
X2Y +
9
4
X6
) ∂
∂U3
,
m11 :=
17
2
X3
∂
∂U1
+
(1
2
Y −
3
4
X4
) ∂
∂U2
+
(
Z + 3XY −
3
2
X5
) ∂
∂U3
,
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m12 :=
(
W +
189
40
XZ +
201
55
X2Y −
4853
80
X6
) ∂
∂U1
+
+
(927
110
X7 −
15
176
X2Z −
177
44
X3Y
) ∂
∂U2
−
(4491
880
X3Z +
3087
110
X4Y
) ∂
∂U3
,
m13 :=
(
− Z +
1677
88
XY −
18877
32
X5
) ∂
∂U1
−
(11609
352
X2Z +
5919
22
X3Y
) ∂
∂U3
+
+
(
W +
305
88
XZ −
3215
88
X2Y +
3623
44
X6
) ∂
∂U2
,
m14 :=
( 7
33
Y +
55
24
X4
) ∂
∂U1
+
(20
33
Z −
19
132
XY −
13
33
X5
) ∂
∂U2
+
+
(
W −
47
88
XZ +
41
22
X2Y
) ∂
∂U3
,
m15 :=
(
w +
57
4
X3
) ∂
∂U1
+
(
Y − 2X4
) ∂
∂U2
+
(3
4
Z + 6XY
) ∂
∂U3
,
m16 := w
∂
∂U2
, m17 := −
3
2
X
∂
∂U1
−
1
4
X2
∂
∂U2
+
(
w +
3
2
X3
) ∂
∂U3
.
Let ι : (X, Y, Z,W,w) 7→
(
X, Y, Z,W,wℓ
)
so that gˆℓ = ι
∗gˆ1. By an application of
Buchberger’s Algorithm, we find that m1, . . . , m14, ι
∗m15, ι
∗m17 together with the
following elements form a Groebner basis forM :=
(∂γ
Cˆ
∂w
)
OC5,0+gˆ
∗
ℓ tρ (Der(-log V )).
m18 := w
ℓ−1 ∂
∂U2
, m19 :=
(
Y wℓ−1 +
11
2
X4wℓ−1
) ∂
∂U1
−
3
2
X6wℓ
∂
∂U3
,
m20 :=
2
7
X5wℓ−1
∂
∂U1
+X7wℓ−1
∂
∂U3
, m21 := X
5wℓ−1
∂
∂U1
.
The C-vector space dimension of (OC5,0)
3/M equals the number of monomials in
the complement of the module LT(M) which is generated by the leading monomials
with respect to the chosen ordering ([4, §2, Chapter 5]). Namely,
dimCNKV,egˆℓ = dimC
(OC5,0)
3
(LT(M))OC5,0
. (12)
Therefore,
dimCNKV,egˆℓ = dimC
OC5,0
(X8, X2Y, Y 2, Z,W,X5wℓ−1, Y wℓ−1, wℓ)OC5,0
+
+dimC
OC5,0
(X9, X2Y, Y 2, Z,W,wℓ−1)OC5,0
+
+dimC
OC5,0
(X9, Y, Z,W,X7wℓ−1, wℓ)OC5,0
= (10ℓ− 5) + (11ℓ− 11) + (9ℓ− 2)
= 30ℓ− 18.
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Finally, the fact that Cˆℓ satisfies the conjecture can be checked using the de-
formation Gˆℓ : (X, Y, Z,W,w, t) 7→ (X, Y, Z,W, t, w
ℓ, t2) of gˆℓ (cf. the proof of
Proposition 4.5). 
By similar calculations, we can prove the following two propositions.
Proposition 4.7. The map-germ fℓ defined by (11) has Ae-codimension 45ℓ−12.
Proposition 4.8. The map-germs shown in Table 2 are finitely A-determined and
satisfy the conjecture for all ℓ ≥ 1.
Table 2. A-finite map-germs in E04,5 and E
0
5,6.
Label Augmentation Ae-codim Unf.
Dˆℓ (x, y
2 + xz + x2y + wℓy, yz, z2 + y3 + w2ℓy, w) 45ℓ-18 FAˆ2
Eˆℓ (x, y
3 + xz + x4y + wℓy, yz, z2 + y5 + w2ℓy, w) 536ℓ-186 FAˆ3
Jˆℓ (x, y
3 + xz + x4y + w2ℓy2, yz + w5ℓy, z2 + y5, w) 2144ℓ-186 FAˆ3
Kˆℓ (x, y
2 + xz, z2 + xy, y3 + yz2 + z3 + wℓz, w) 51ℓ-33 FBˆ3
Lˆℓ (x, y
2 + xz, z2 + xy, y5 + y3z2 + z5 + wℓy − wℓz, w) 372ℓ-252 FBˆ5
Mˆ1,ℓ (x, y
2 + xz + x2y + vℓy, yz + wy, z2 + y3 + v2ℓy, w, v) 25ℓ-12 FCˆ1
Mˆ2,ℓ (x, y
2 + xz + x2y + vℓy, yz + w2y, z2 + y3 + v2ℓy, w, v) 95ℓ-42 FCˆ2
Mˆ3,ℓ (x, y
2 + xz + x2y + vℓy, yz + w3y, z2 + y3 + v2ℓy, w, v) 165ℓ-72 FCˆ3
Nˆℓ (x, y
3 + xz + x2y + wy, yz + vℓz, z2 + y5 + w2y + v4ℓy + v3ℓy2, w, v) 1750ℓ-350 FEˆ1
Pˆℓ (x, y
2 + xz + vℓz, z2 + xy, y3 + yz2 + z3 + wz + v2ℓy, w, v) 42ℓ-18 FKˆ1
See Table 3 for the list of unfoldings from which the series in Table 2 are deduced.
Table 3. Stable unfoldings.
Label Unfolding
FAˆ2 (x, y
2 + xz + x2y + u11y, yz + u12y, z
2 + y3 + u13y,u1)
FAˆ3 (x, y
3 + xz + x4y + u21y + u22y
2, yz + u23y, z
2 + y5 + u24y + u25y
2,u2)
FBˆ3 (x, y
2 + xz + u31z, z
2 + xy + u32z, y
3 + yz2 + z3 + u33y + u34z,u3)
FBˆ5 (x, y
2 + xz + u41z, z
2 + xy, y3 + yz2 + z3 + u42y + u43z + u44yz,u4)
FCˆℓ (x, y
2 + xz + x2y + u51y, yz + w
ℓy + u52y, z
2 + y3 + u53y, w,u5)
FEˆ1 (x, y
3 + xz + x4y + wy, yz + u61y + u62z, z
2 + y5 + u63y + u64y
2, w,u6)
FKˆ1 (x, y
2 + xz + u71z, z
2 + xy + u72z, y
3 + yz2 + z3 + wz + u73y, w,u7)
Remark 4.9. The smallest codimension we have got so far is Ae-codim(Cˆ1) = 12
in the dimensions (4, 5) and Ae-codim(Mˆ1,1) = 13 in (5, 6).
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Remark 4.10. The map-germs Mˆ1,ℓ and Mˆ2,ℓ are actually parts of the series
Mˆk,ℓ : (x, y, z, w, v) 7→ (x, y
2+xz+x2y+vky, yz+wℓy, z2+y3+v2ky, w, v) (13)
which are finitely A-determined with Ae-codim = (70k − 30)ℓ− 45k + 18.
Remark 4.11. The formula for Ae-codimension for each germ in Table 2 is a linear
form in one variable and the constant term is equal to the codimension of the
initial map-germ. It would be interesting to see if this holds in general.
Remark 4.12. All map-germs from Houston and Kirk’s list of simple singularities
of corank 1 ([14, Table 1]) can be constructed from finitely A-determined map-
germs in E02,3 by our method. We list them in Table 4 together with their initial
map-germs. The labels for the initial map-germs are from Mond’s list in [20].
Table 4. Houston and Kirk’s list of simple map-germs in E03,4.
Label Map-germ Initial map Mond’s ref.
Ak (x, y, z
2, z3 ± x2z ± yk+1z) (x, z2, z3 ± x2z) S1
Dk (x, y, z
2, z3 + x2yz ± yk−1z) (y, z2, z3 ± yk−1z) Sk−2
E6 (x, y, z
2, z3 + x3z ± y4z)
(x, z2, z3 + x3z) S2
or
(y, z2, z3 ± y4z) S3
E7 (x, y, z
2, z3 + x3z + xy3z) (x, z2, z3 + x3z) S2
E8 (x, y, z
2, z3 + x3z ± y5z)
(x, z2, z3 + x3z) S2
or
(y, z2, z3 ± y5z) S4
Bk (x, y, z
2, x2z ± y2z ± z2k+1) (x, z2, x2z ± z2k+1) B±k
Ck (x, y, z
2, x2z + yz3 ± ykz) (y, z2, yz3 ± ykz) C±k
F4 (x, y, z
2, x2z + y3z ± z5)
(x, z2, x2z ± z5) B±2
or
(y, z2, y3z ± z5) F4
P1 (x, y, yz + z
4, xz + z3) (x, z4, xz + z3) T4
P2 (x, y, yz + z
5, xz + z3) (y, yz + z5, z3) H2
P k3 (x, y, yz + z
6 ± z3k+2, xz + z3) (y, yz + z6 ± z3k+2, z3) Hk+1
P 14 (x, y, yz + z
7 + z8, xz + z3) (y, yz + z7 + z8, z3) H3
P4 (x, y, yz + z
7, xz + z3) (x, z7, xz + z3) not in the list
Qk (x, y, xz + z
4 ± ykz2 + yz2, z3 ± ykz) (y, z4 ± ykz2 + yz2, z3 ± ykz) not in the list
Rk (x, y, xz + z
3, yz2 + z4 + z2k−1) (x, xz + z3, z4 + z2k−1) T4
Sj,k (x, y, xz + y
2z2 ± z3j+2, z3 ± ykz) (x, xz + z3j+2, z3) Hj+1
MAP-GERMS OF CORANK 2 FROM n-SPACE TO (n+ 1)-SPACE 15
Acknowledgments
This work is based on a part of the author’s PhD thesis submitted at the Univer-
sity of Warwick in 2011 under the supervision of David Mond to whom she would
like to express her deepest gratitude. Without his encouragement and guidance,
this research would not have been commenced or improved. The author would
also like to thank Meral Tosun for helpful suggestions in the preparation of this
manuscript and the referee for careful reading and constructive comments.
References
1. A. Altintas, Multiple point spaces and finitely determined map-germs, Ph.D. thesis, The
University of Warwick, 2011, http://wrap.warwick.ac.uk/38086/.
2. J. W. Bruce and W. L. Marar, Images and varieties, J. Math. Sci. 82 (1996), no. 5, 3633–
3641.
3. T. Cooper, Map germs of Ae-codimension one, Ph.D. thesis, University of Warwick, 1994.
4. D. A. Cox, J. Little, and D. O’Shea, Using algebraic geometry, second ed., Graduate Text in
Mathematics, no. 185, Springer, 2005.
5. J. Damon, Deformations of sections of singularities and Gorenstein surface singularities,
American Journal of Mathematics 109 (1987), 695–721.
6. , A-equivalence and the equivalence of sections of images and discriminants, Singu-
larity Theory and Applications (Warwick 1989) (D. Mond and J. Montaldi, eds.), Lecture
Notes in Mathematics, vol. 1462, Springer, 1991, pp. 93–121.
7. J. Damon and D. Mond, A-codimension and the vanishing topology of discriminants, Invent.
Math. 106 (1991), 217–242.
8. T. de Jong and D. van Straten, Disentanglements, Singularity Theory and Applications
(Warwick 1989) (D. Mond and J. Montaldi, eds.), Lecture Notes in Mathematics, vol. 1462,
Springer, 1991.
9. W. Decker, G.-M. Greuel, G. Pfister, and H. Scho¨nemann, Singular 3-1-2 — A computer
algebra system for polynomial computations, (2010), http://www.singular.uni-kl.de.
10. V. Goryunov and D. Mond, Vanishing cohomology of singularities of mappings, Compositio
Mathematica 89 (1993), 45–80.
11. D. R. Grayson and M. E. Stillman, Macaulay2, a software system for research in algebraic
geometry, http://www.math.uiuc.edu/Macaulay2/.
12. G.-M. Greuel, Dualita¨t in der lokalen kohomologie isolierter singularita¨ten, Math. Ann. 250
(1980), 157–173.
13. K. Houston, On singularities of foldings maps and augmentations, Math. Scand. 82 (1998),
191–206.
14. K. Houston and N. Kirk, On the classification and geometry of corank 1 map-germs from
three-space to four-space, Singularity Theory (Liverpool 1996), London Maths. Soc. Lecture
Notes Series, vol. 263, Cambridge University Press, 1999.
15. D. T. Leˆ, Le concept de singularite´ isole´e de fonction analytique, Adv. Stud. Pure Math. 8
(1987), 215–227.
16. E. J. N. Looijenga and J. H. M. Steenbirk, Milnor numbers and tjurina numbers of complete
intersections, Math. Ann. 271 (1985), 121–124.
17. J. Martinet, Singularities of smooth functions and maps, Cambridge University Press, 1982.
18. J. Mather, Stability of C∞-mappings IV: Classification of stable germs by r-algebras, Inst.
Hautes Etudes Sci. Publ. Math. 37 (1969), 223–248.
19. J. Milnor, Singular points on complex hypersurfaces, vol. 61, Ann. Math. Stud., 1968.
16 AYS¸E ALTINTAS¸ SHARLAND
20. D. Mond, On the classification of germs of maps from R2 to R3, Proc. London Math. Soc.
50 (1985), 333–369.
21. , Some remarks on the geometry and classification of germs of maps from surfaces to
3-spaces, Topology 26 (1987), 361–383.
22. , The number of vanishing cycles for a quasihomogeneous mapping from C2 to C3,
Quart. J. Math. Oxford Ser. 42 (1991), no. 2, 335–345.
23. , Vanishing cycles for analytic maps, Singularity Theory and Applications (Warwick
1989) (D. Mond and J. Montaldi, eds.), Lecture Notes in Mathematics, vol. 1462, Springer,
New York, 1991.
24. , Looking at bent wires: Ae-codimension and the vanishing topology of parametrized
curve singularities, Math. Proc. Cambridge Philos. Soc. 117 (1995), 213–222.
25. , Differential forms on free and almost free divisors, Proc. London Math. Soc. 81
(2000), no. 3, 587–617.
26. D. Siersma, Vanishing cycles and special fibres, Singularity Theory and Applications (War-
wick 1989) (D. Mond and J. Montaldi, eds.), Lecture Notes in Mathematics, vol. 1462,
Springer, New York, 1991.
27. C. T. C. Wall, Finite determinacy of smooth map-germs, Bull. Lond. Math. Soc. 13 (1981),
481–539.
Department of Mathematics, Yıldız Technical University, Davutpas¸a Campus,
Esenler 34210, I˙stanbul, Turkey
Current address : Institute of Mathematical Sciences, Stony Brook University, Stony Brook
NY 11794-3660, USA
E-mail address : aysealtintas@gmail.com
